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Modeling and Measurement
of Residual Stresses in a Steel
Vessel Containing Glass
Residual stresses in a stainless steel vessel containing glass have been evaluated using
measurements and numerical simulation. High-level nuclear wastes are often vitrified in
glass cast in cylindrical stainless steel containers. Knowledge of the internal stresses
generated in both the glass and container during this process is critical to structural in-
tegrity and public safety. In this research, residual stresses were measured near the sur-
face of a High Level Waste container using an Incremental Center Hole Drilling
technique. Residual stress magnitudes were found to be at or near to the yield stress in
the container wall. A transient finite-element thermal-stress model has been developed to
simulate temperature, distortion, and stress during casting and cooling in a simple slice
domain of both the glass and the container. Contact thermal-stress elements were
employed to prevent penetration at the glass–container interface. Roughness of these
contact surfaces was modeled as an equivalent air gap with temperature-dependent con-
ductivity in the thermal model. The stress model features elastic-viscoplastic constitutive
equations developed based on the temperature-dependent viscosity of the glass and elas-
tic-plastic constitutive equations for the stainless steel. The simulation was performed
using the commercial ABAQUS program with a user material subroutine. The model predic-
tions are consistent with the residual stress measurements, and the complete thermal–me-
chanical behavior of the system is evaluated. [DOI: 10.1115/1.4004157]

Keywords: thermal stress, residual stress, finite element, high-level waste, thermome-
chanical process, constitutive model

1 Introduction

Residual stress plays a significant role in the failure of engi-
neering materials. They are an inevitable consequence of most
manufacturing processes. Residual stresses can combine with the
applied inservice load so may be either beneficial or detrimental.
To predict and control their contribution, it is crucial to under-
stand the source of the residual stresses [1–3].

Radioactive nuclear wastes have been produced in the UK since
the 1940s. The main sources of these wastes are byproducts of the
operation of power generation reactors for the production of elec-
tricity, nuclear-powered submarine program in UK, and use of
nuclear material in industry and medicine [4]. These wastes are
normally classified as low level waste, intermediate level waste,
and high level waste (HLW). Low and intermediate level wastes
comprise approximately 97% of the total volume of waste gener-
ated worldwide and contain only 5% of radioactivity, whereas
high level wastes are just 3% of the total volume but hold 95% of
the total radioactivity [5].

High level waste contains the waste products from reprocessing
of spent nuclear fuels. These waste products arise in the form of
highly radioactive nitric acid solutions, which are then introduced
into borosilicate glass that is poured into stainless steel containers,
using processes called vitrification and encapsulation, respectively
[6,7]. The underlying reason behind this conversion is to provide
a solid, stable, and durable material that can be more easily stored
or transported than the original wastes. Waste is temporarily
stored at the solidification processing plant, during which time the

heat generated by the decay of the fission products decreases.
Although in the UK a long term plan is yet to be decided, perma-
nent storage of these waste containers in an underground reposi-
tory is the likely strategy [8].

The structural integrity of HLW containers has a significant
role in the safety assessment of both temporary and permanent
storage locations. Thus, in order to evaluate structural integrity of
the HLW containers, quantitative understanding of the residual
stress distributions and deformations in the final product of the vit-
rification process is necessary.

In the waste vitrification process, radioactive waste is captured
in glass. Concentrated highly active liquor (HAL), arising from
reprocessing operations, is converted into glass for safe interim
storage in the vitrification product store. HAL, which is first stored
in highly radioactive storage tanks, is transferred in batches to a
liquid feed stock tank. It is metered into a rotating tube furnace,
which converts it to an oxide powder in a semicontinuous opera-
tion. Then the calcined HAL is melted together with glass in a
controlled temperature vessel at 1100 �C and the product is cast
into a stainless steel container. This vitrified product is usually
poured at 1050 �C [9]. After pouring into the container, the system
is allowed to cool and a lid is fitted. After further cooling, the lid
is welded to the container. Following the welding process, the
container surface is swabbed and monitored for surface radioac-
tivity, in order to ensure safe transfer of the container to the stor-
age facility.

Previous work in this area has been confined to internal pro-
grammes within sponsoring companies and little information is
provided in the open literature. For example, work by Pennick
[10] within BNFL (a predecessor to Nexia) examined the develop-
ment of residual stresses during the cooling of glass in waste con-
tainers. In this paper, experiments and analysis are performed to
simulate this process using glass to represent HLW, and residual
stress measurements are made on the full-scale stainless steel con-
tainer. A transient finite-element model is then developed and
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applied to simulate the thermal–mechanical behavior of a repre-
sentative slice through both the solidifying glass and the stainless
steel container. The model explains how the measured residual
stresses develop and together the results reveal consistent new
insights into this important waste-disposal process.

2 Glass Pouring Experiments

Experiments were performed by the National Nuclear Labora-
tory (NNL) (previously Nexia Solutions Limited) to pour glass,
used to simulate radioactive waste, into a Type 309 stainless steel
container. The dimensions of the stainless steel container are
shown in Fig. 1.

The wall thickness of the container was 5 mm with an external
diameter of 430 mm. The container was first preheated to 600 �C.
Then molten glass with an initial temperature of 1050 �C was
poured into the warm container in two stages. Figure 2(a) shows
the location of the thermocouples attached to the stainless steel
container and were located at three positions down the surface of
the stainless steel cylinder. Figure 2(b) shows the surface tempera-
ture histories measured by each thermocouple during the process.
They clearly indicate a peak temperature of about 800 �C in the
outer wall in the first fill and a similar peak temperature after

about 8 h for the second fill. After the second fill, the filled con-
tainer is allowed to cool over a period of 40 h. These data are used
later in the finite-element simulations to guide the development of
the model.

3 Residual Stress Measurement Method

Earlier residual stress measurements were undertaken by Pen-
nick [10] as part of internal work at BNFL (a predecessor com-
pany to Nexia). He reported stress measurements in a full-scale
container during filling operations using high temperature weld-
able strain gauges and laser speckle photography. Residual
stresses were then measured using strain gauges via an air abra-
sive technique. The strain gauges showed great fluctuations during
the filling and stresses increased during the cooling process.

In the current project, the incremental center hole drilling
(ICHD) method was used to measure residual stresses near to the
surface of the stainless steel container only. The ICHD method is
a semidestructive stress-relief technique that measures residual
strains close to the surface of a component during the drilling of a
shallow, blind hole. An inverse method is then used to determine
three components of released surface strain, which are finally con-
verted to residual stress components. The ICHD method has been
applied extensively to metals [11–14], nonmetals [15], and com-
posite materials [16,17]. The ICHD technique is a refinement of
the center hole drilling method to measure nonuniform stress pro-
files [18–21]. In the ICHD technique, the calibration coefficients
should be obtained prior to measurement, using experiments or
the finite-element method [20,22]. Among different data analysis
procedures [21,23], the integral method [23,24] is the most com-
mon method for analyzing the data obtained from the experiment.
Recent developments of the ICHD method can be found in Ref.
[25].

The ICHD technique was performed to measure surface resid-
ual stresses in the stainless steel container after it had completely
cooled. Measurements were carried out at three locations at the
middle section of the container at intervals of 120� around the cir-
cumferential of the container. This is shown schematically in Fig.
3(a). Strain gauge rosettes with an external diameter of 5.13 mm
corresponding to type 062UL were used to measure the released
surface strains after each step of drilling. Figure 3(b) shows a
schematic diagram of a typical three element strain gauge rosette
[26]. A RS-200 precision milling guide was used combined with a
1.6 mm diameter specific purpose drill provided by Vishay Mea-
surement Group for manufacturing the hole. The hole was drilled
in incremental steps, as small as 0.016 mm close to the surface.
Bigger increment sizes were chosen later.

Residual stresses were calculated from the measured surface
strains using the integral method. In the integral method, residual
strain and released residual stresses are related by

erðhÞ ¼
1þ �

2E

ðh

0

aðz; hÞðrmaxðzÞ þ rminðzÞÞdz

þ 1

2E

ðh

0

bðz; hÞðrmaxðzÞ � rminðzÞÞ cos 2bðzÞdz (1)

where E is the Young modulus, � is the Poisson ratio, aðz; hÞ and
bðz; hÞ are calibration coefficients in a depth of z for a hole with
the depth of h, rmaxðzÞ and rminðzÞ are the maximum and mini-
mum principal stresses at the depth z. By considering a uniform
stress distribution over an increment, Eq. (1) can be rewritten in
the form

exn ¼
1

2E

Xn

i¼1

ð1þ �Þaniðrxi þ ryiÞ þ bniðrxi � ryiÞ
� �

n ¼ 1:::N

(2)Fig. 1 Dimensions of stainless steel container (in mm)
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where n is the depth increment, rxi and ryi are stresses equivalent
to the uniform residual stress within the ith layer and ani, bni are
the calibration coefficient provided by the finite-element analysis
[21].

The residual strains and stresses can be written in the form

pn ¼
e1n þ e2n

2
; qn ¼

e1n � e2n

2
; tn ¼

e1n � 2e2n þ e3n

2
(3)

Pn ¼
rx þ ry

2
; Qn ¼

rx � ry

2
; Tn ¼

rx � 2sxy þ ry

2
(4)

where pn; qn, and tn are strains and Pn;Qn, and Tn are stresses cal-
culated for each drilling step [24]. Equation (2) can be now solved
and rewritten in matrix form as

fPg ¼ E

1þ � ½A�
�1: pf g; fQg ¼ E½B��1: qf g; fTg ¼ E½B��1:ftg

(5)

where fPg,fQg, and fTg are stress vectors, fpg, fqg, and ftg are
strain vectors. ½A� and ½B� are calibration coefficient matrices.

Finally, the principal stress and strain vectors, rmax and rmin,
and their orientation,b, are calculated using

rmax;rmin ¼ fPg6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Qf g2 þ Tf g2

q
(6)

b ¼ 1

2
arctan

Tf g
Qf g

� �

The ICHD residual stress measurement experiments were carried
out, and an inhouse MATLAB data analysis program [25], incorpo-
rating the above equations, was applied to compute the residual
stresses. These are presented in Sec. 4. AQ3

4 Residual Stress Measurement Results

Measured relaxed strains at position 1 on the circumference of
the cylinder ((Fig. 3(a)) are shown in Fig. 4. Similar results were
obtained from measurements at the 120 deg and 240 deg posi-
tions. The average of the residual stresses in the hoop and axial
directions were determined from the computed stresses, and in
Fig. 5, the profiles of the average of the stress components through
the stainless steel container are illustrated.

With increasing depth beneath the surface, the inaccuracy of
the measured stresses increases. This is due to the inherent limita-
tion of the ICHD technique based on the St. Venant Principle,
which indicates that the surface strains are mainly controlled by
stresses close to that surface. This problem has been noted previ-
ously [22]. Therefore, calculated stresses are limited to measure-
ment of up to the total depth of 0.7 mm below the surface. Tensile
hoop stresses varied from 0 at the surface up to approximately
350 MPa at 0.7 mm below the surface. Similarly, axial stresses

Fig. 2 (a) Location of thermocouples on the steel container and (b) time-temperature histories meas-
ured during filling of the container

Fig. 3 (a) Locations of the ICHD measurements on the stainless steel container and
(b) schematic diagram of a typical three element strain gauge rosette [26]
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were tensile and vary from 0 to 400 MPa at 0.7 mm below the sur-
face. The variation of the residual stresses from the surface to the
interior reflects two features. First initial residual stresses arising
from the initial manufacture of the cylinder maybe present.
Although no measurements were made prior to filling, it is likely
that if initial residual stresses were present they were relaxed by
creep during the preheating phase prior to filling the cylinder. Sec-
ond, there is evidence [25] to suggest that very near surface
measurements are prone to significant error. This leads to the con-
clusion that the measurements over the depth 0.2–0.7 mm repre-
sent the residual stresses created during the filling process.

The yield stress of 309 stainless steel is reported to be between
297 and 353 MPa [27]. This indicates that the peak measured resid-
ual stresses were close to the yield stress. Although plasticity causes
uncertainties in the results, the measured residual stresses exceed the
expected values. Consequently, the measurements suggest that the
maximum residual stresses were close or near to the yield stress.

To obtain a more complete understanding of the evolution of
the stresses in both the stainless steel and the glass, a finite-element
model was developed to simulate the process. This is explained in
the following sections. Notably, the residual stresses were measured
only in the containment vessel and not in the glass.

5 Finite-Element Model

Thermal–mechanical finite-element analysis was performed to
provide a fundamental understanding of transient temperature

evolution and the generation of stresses in the solidifying glass
and the stainless steel container during this casting process. The
model was developed at the University of Illinois, Urbana, IL,
based on software and user material subroutines developed in pre-
vious work to simulate the continuous casting of steel [28–32].

Glass has an amorphous crystal structure that at room tempera-
ture is solid and brittle and hardly deforms plastically, exhibiting
entirely elastic behavior [33]. At higher temperatures, most previ-
ous research on thermal stresses in glass have been confined to the
study of an infinite plate with a uniform initial temperature, which
is cooled either suddenly, via glass tempering, or gradually, via
annealing. The initial temperature conventionally has been set to
within the temperature range close to the glass transition tempera-
ture. The resulting residual stress has been shown to be approxi-
mately parabolic with tension in the middle of the cross section
and compression at the edges [34,35].

Different models have been suggested for prediction of residual
stresses in glass. A so-called “instant freezing” model assumed
liquid glass converted to solid instantly [36]. This model was fol-
lowed by development of viscoelastic behavior for glass in the
transient temperature range [35,37]. Considering the viscous flow
and variation of the viscosity by temperature, viscoplastic models
have also been suggested for glass. These models for example
have been used in simulation of glass sheet forming to predict the
behavior of the glass sheet while cooling under its own weight
[38–40]. A material model similar to the latter is employed for
glass in this research.

The domain adopted for the finite-element simulations in this
work is a thin radial slice through the entire geometry, taking
advantage of the axisymmetric nature of the process. The slice
considered is at the middle height of the container, as shown in
Fig. 6(a). This is the same height as thermocouple TC2, Fig. 2.
The model includes separate meshes (parts) for the glass and
stainless steel so that boundary conditions between them can prop-
erly represent the thermal and physical interaction (intermittent
contact) between the glass and the container. Since only a radial
slice was used in the analysis, the ends of the cylinder were not
included.

The model consists of separate thermal and mechanical analysis
stages. As part of this work, a realistic elastic-viscoplastic consti-
tutive model was developed to simulate mechanical behavior of
the glass from the liquid to solid state.

5.1 Thermal Model Governing Equations. The heat trans-
fer model solves the transient heat conduction equation, Eq. (7)
for heat conservation along with the boundary conditions, Eqs.
(8–10), to define the heat input to every portion of the domain
boundary

qCp
@T

@t
¼ @

@xi
ðkeffÞ

@T

@xi
(7)

where q is the density, Cp is the specific heat, and keff is the effec-
tive isotropic temperature dependant conductivity as shown in
Fig. 8(b) and given in Table 1.

The boundary conditions can be expressed by

� k
@T

@x
¼ q (8)

and are split into different regions, as shown in Fig. 6(b). A sym-
metry boundary condition is imposed at the top and bottom surfa-
ces by assigning q¼ 0 at the glass central axis and by neglecting
the small temperature gradient in the axial direction, z, as illus-
trated in Fig. 6(c). Within the glass, heat is transferred by conduc-
tion. Heat is lost from the exterior surface of the glass through
conduction to the steel, across the glass–steel wall interface where
thermal contact conductance between surfaces is considered. The
glass is assumed not to wet the container because when it touches

Fig. 4 Typical measured relaxed strains (in microstrain, posi-
tion 1)

Fig. 5 Average measured hoop and axial residual stress
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the relatively cold walls, the glass stops flowing locally, owing to
a rapid increase in its local viscosity.

Heat flux across the glass–steel interface is mathematically
imposed by

q ¼ kair

dgap

ðTs � TgÞ (9)

where a gap of 0.1 mm represents the surface roughness of steel
container, and the temperature-dependant thermal conductivity of
air [41] is listed in Table 2.

Fig. 6 (a) Finite-element domain, (b) mesh and thermal boundary conditions, and (c) structural
boundary conditions

Fig. 8 Temperature dependant (a) mechanical and (b) thermal properties of stainless steel and glass

Fig. 7 Schematic heat resistance model used in the heat trans-
fer model
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Some of this heat flux causes the steel wall to heat up and
some heat conducts through the wall to be lost from the steel
exterior by convection with the air at the ambient temperature
given by

q ¼ hairðTS � TaÞ (10)

Similar thermal boundary conditions have been previously imple-
mented in simulations of static-cast steel ingots [42]. A schematic
heat-resistor diagram shown in Fig. 7 describes the heat transfer
and boundary conditions in the entire domain.

The initial temperature of the glass was set to 1050 �C and ini-
tial temperature of 600 �C was assigned to the elements represent
the steel part. The optimum film coefficient of 10 W/m2 �C was
found and applied to the exterior surface of glass such that the pre-
dicted temperature history on the stainless steel matched with the
thermocouple reading obtained from experiment.

5.2 Mechanical Model Governing Equations. The mechan-
ical analysis involves solving the equilibrium equations, constitu-
tive equations, and compatibility equations, which relate force to
stress, stress to strain, and strain to displacement, respectively
[43]. In the Lagrangian frame appropriate for this work, the force
equilibrium balance given in Eq. (11) is the general governing
equation for the static-mechanics problem, where q is the density
and rij is the stress tensor.

r � rij þ qgh ¼ 0 (11)

where the second term represents the body force from the hydro-
static pressure due to gravity and h is the height of molten glass
above the simulated slice. Inserting values for density, q¼ 2200
kg/m3, gravity g¼ 9.8 m/s2, h¼ 0.65 m, r¼ 215 mm, and Dr¼
5 mm, the hoop stress rhoop due to hydrostatic pressure
rhoop ¼ qghr=Dr ¼ 0:602MPa which is negligible compared to
the measured stresses and calculated thermal stresses discussed
later. Thus, the difference between slices at different heights is
negligible and so the assumption of a state of generalized plane-
strain in a single slice is valid. The compatibility equations to
relate strains and displacements are given by

_e ¼ d

dt

1

2
ruþ ruð ÞT
� �	 


(12)

where u is the displacement vector.
Different constitutive models were used for the steel and glass

parts of the model. For grade 309 stainless steel container, linear
isotropic hardening was assumed at 20 �C and elastic perfectly
plastic behavior at higher temperatures. The temperature-depend-
ant Young’s modulus used in this model was fitted to the experi-
mental data provided by NNL [27] and is shown in Fig. 8(a) along
with temperature dependent yield stress of stainless steel. A con-
stant Poisson ratio of 0.3 was assumed.

In glass cooling, stress generation is a rate-dependent process,
which can be treated as a transient solidification process phenom-
enon using a rate formation. Therefore, the total strain rate can be
divided into three components of elastic strain rate, _eel, thermal
strain rate, _eth, and inelastic strain rate, _ein, where

_etotal ¼ _eel þ _eth þ _ein (13)

Elastic strain is directly responsible for stress. Equation (14) can
be obtained by differentiating the classical elastic tensor equations
relating stress and strain components for a linear material with
negligible large rotations.

_r ¼ D : ð _etotal � _eth � _einÞ (14)

where D is the fourth-order tensor of elastic constants, character-
ized here for an isotropic material by the temperature-dependent
elastic modulus, given in Table 1 and shown in Fig 8(a), and a
constant Poisson ratio, 0.2.

5.2.1 Thermal Strain. Thermal strains are found from the
temperature field calculated by the heat transfer model. They arise
due to volume changes caused by temperature differences

eth ¼
ðT

T0

aðTÞdT (15)

where a is the average coefficient of thermal expansion between
the reference temperature, T0, and temperature, T, and is given in
Table 3.

5.2.2 Visco-Plastic Strain. Inelastic or “viscoplastic” strain
includes indistinguishable parts of strain-rate independent plastic-
ity and time-dependant creep. The constitutive equation for glass
is obtained from Newtonian incompressible behavior law given in
Eq. (16), which relates inelastic strain to stress for glass

r ¼ 3gðTÞ _ein (16)

where r is the stress, g is the temperature-dependant viscosity,
and _ein is the inelastic strain rate.

The viscosity data were obtained for borosilicate glass [44] and
fitted to the following equation [45]:

log g ¼ Aþ B

T � T0

(17)

Table 1 Material property of glass and steel

Parameter Value

Eglass (GPa) in solid state (<525 �C) 62
Eglass (GPa) in liquid state (>850 �C) 1
Density q (kg/m3) in solid state 2400
Density q (kg/m3) in liquid state 2200
Thermal expansion coefficient of glass (m/m)
assumed to vary linearly between 20 and 850 �Ca

3:2� 10�6 and
5.0� 10�6

Specific heat of steel (J/kg�C) 500

aLarger thermal expansion coefficients arise near to the set-point, where
the glass is very fluid, soft, and unable to sustain any significant stress.
These have not been included here.

Table 2 Conductivity of air with temperature [41]

Temperature (�C) Conductivity (W m�1 K�1)

200 0.032
400 0.039
600 0.045
800 0.051
1000 0.057
1200 0.063
1400 0.068

Table 3 Linear coefficient of expansion of steel with tempera-
ture, aðT Þ, between reference temperature, T0 of 20 �C and tem-
perature T [27]

Temperature (�C) Expansion coefficient (10�6K�1)

200 16
400 17.5
600 18.0
800 18.5
1000 19.5
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where A¼ 0.5, B¼ 2593, and T0¼ 374.8 are empirical fitting
constants.

In Eqs. (16) and (17), when temperature decreases, viscosity
increases until it reaches the solidification temperature, T0. Simple
elastic behavior with an initial strain was applied at temperatures
below the solidification temperature, where the inelastic strain
rate dropped to zero.

5.3 Computational Details. Using an uncoupled approach,
the analysis was divided into two parts. In the first part, a thermal
analysis was performed to find the temperature field in the domain
shown in Fig. 6(a) with boundary conditions in Fig. 6(b). Then
this temperature field was incorporated into the thermoviscoplas-
tic stress analysis to calculate the displacement and stresses.
Figure 6(c) shows the dimensions, structural boundary conditions,
and mesh introduced to the thin slice. The same mesh of axisym-
metric four-node heat transfer elements was treated as standard
axisymmetric eight-node structural elements in the radial and
axial (z) directions for the structural analysis. Vertical displace-
ment, z direction, of all nodes at the top of the slice was coupled,
using *EQUATION option in ABAQUS [46]. This approach has
been validated with analytical solutions of thermal-stress prob-
lems with solidification in previous work [29,47]. It properly
allows thermal expansion and contraction of the materials, while
enforcing the symmetry constraint that planar sections must
remain planar. Contact elements were used in the boundary
between the glass and the container in order to simulate the physi-
cal interaction between these two parts. No friction data were
available for these contacting surfaces, and they were assumed to
be frictionless.

The equations for both models were solved using the finite-ele-
ment method in ABAQUS with a fully implicit stepwise-coupled
algorithm for time integration of the governing equations [46]. A
set of two ordinary differential equations defined at each material
point by the viscoplastic constitutive equations was integrated
using the backward-Euler method with a bounded Newton–Raph-
son method [29] in the user-defined material subroutine user mate-
rial. Details of the local time integration can be found in Refs.
[29,30].

6 Finite-Element Analysis Results

Figure 9 shows a comparison between the thermocouple meas-
urements and predicted finite-element temperature history of ther-
mocouple TC2. During the approximately 10 h filling stage, a
peak temperature was observed for each of the two pouring peri-
ods. Experimental observations [10] indicated that stresses were
generated only during the cooling stage. A simple calculation

using the resistor model shown in Fig. 7 indicates that the glass
temperature remains above the liquid temperature during the fill-
ing stage, so stress cannot develop. Therefore, the model was used
only to simulate the cooling process.

The predicted temperature field indicates that the final product
cools to the ambient temperature after 160 h (6.6 days). The ex-
perimental measured temperature was monitored for only 40 h.
An excellent match over 30 h can be seen between the measured
temperature and the finite-element prediction.

Figure 10 shows the temperature distribution through the slice
inside the glass and stainless steel container. The center of the
glass (left) always has a higher temperature than the exterior sur-
face. It can also be seen that the temperature gradient in the glass
between the center and surface is greater during the early stages
of cooling and drops continuously during the process. For exam-
ple, this temperature difference is approximately 200 �C after 10 h
of cooling and is only 50 �C after 40 h. On the other hand, temper-
ature gradients in the steel are negligible, as its temperature profile
is flat. This is due to the high thermal conductivity and small
thickness of the steel wall. Figure 10 also shows the effect of the
conductance elements acting in the gap between the two parts,
which causes a significant temperature drop between the contact
surfaces of the glass and stainless steel.

The evolution of the hoop residual stress as a function of time
as indicated by the steel casing temperature is shown in Fig. 11 to-
gether with the yield stress. It is evident that as the container cools
the residual stresses increase until they reach the yield stress at
�200 �C. With further cooling, the residual stress naturally equals
the increasing yield stress. Experimental data produced by Pen-
nick [10] showed a similar trend with increasing residual stress
with decreasing temperature and essentially reached the tensile
yield stress at about 150 �C. The peak hoop stress measured
(shown in Fig. 5) using the incremental centre hole drilling
method is also illustrated in Fig. 11.

Residual stresses after complete cooling are shown in Figs. 12
and 13. Radial residual stresses in both the glass and steel container
are shown in Fig. 12, where the stress distribution is approximately
parabolic, dropping from tension in the center to compression in
the exterior surface of the glass. The maximum radial tensile stress
in the center of the glass is about 4 MPa and interface pressure is
about 7 MPa. The steel wall experiences a radial stress gradient
dropping from zero gage pressure (ambient) at the surface. The ten-
sile stress in the steel balances the slight net compressive stress
found in the glass, so that the entire system is in equilibrium. Hoop
residual stresses are shown in Fig. 13. Again, tensile hoop stress
generates compressive stress in the glass, especially near the sur-
face. Gradients in hoop stress through the steel are negligible,
owing to the thin (5 mm) wall. Experimentally measured peak
residual stresses in the wall of the stainless steel are also shown in
Fig 13 and match reasonably well.

7 Discussion

In the glass, heat is lost only from its exterior surface through
the interface with the stainless steel wall container. Therefore, as
seen in Fig. 10, the central part of the glass remains with a higher
temperature throughout the whole process. The magnitude and
direction of this thermal gradient drives the heat loss. Modeling
heat transfer across the gap with a contact resistance function and
gap elements was able to realistically represent the conductance
[48]. In addition to the temperature dependence included in the
model, this thermal contact conductance [48] should increase with
pressure across the gap. Neglecting this effect, due to unavailabil-
ity of data, appears not to cause significant error. Thus, this
approach is a reasonable way to account for the imperfections
between two rough contacting surfaces. It can be noted in Fig. 10
that the temperature difference between the two contact surfaces
is about 600 �C after 1 h. This difference reduces to 500 �C after
10 h of cooling and to only 120 �C after 60 h. The drop in the in-
ternal temperature gradients, the drop in temperature difference

Fig. 9 Comparison between measured and FE predicted steel
surface temperature
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across the gap, and the different properties of glass and steel to-
gether are responsible for the development of the residual stresses,
which is shown in Fig. 14.

Residual stress inside the glass is generated from both internal
thermal stresses and pressure from the steel container wall. The
first cause of internal stress in the glass is the changing tempera-
ture gradient between the center and the exterior interface,
combined with viscoplastic flow. During the cooling process, the
exterior surface of the glass cools first, solidifies and contracts
around the hot core, which would generally lead to tension in the
surface and compression in the center. The compressive stress
generated in the hot interior glass quickly relaxes, however,
because this glass can flow to accommodate the shrinkage strain,
owing to its viscoplastic behavior, which makes it act somewhat
like a liquid while it is hot. Later, the temperature gradients relax
as the interior cools and contracts within a rigid outer rim. As
shown in Fig. 13, after about 60 h this generates a permanent re-
sidual stress state of multiaxial tension in the interior, surrounded
by compressive membrane stresses in the outer rim to balance.
This cooling process is the same phenomenon which occurs dur-
ing tempering processes that are used to generate compressive re-
sidual stresses in the surface of glass plates. Higher cooling rates

Fig. 10 Predicted temperature distribution through the glass and stainless steel

Fig. 11 Evolution of residual stress during the solidification
process and comparison with yield stress

Fig. 12 Radial residual stress distribution predicted in the
slice

Fig. 13 Hoop residual stress distribution predicted in the slice
compared with experimentally ICHD measurement in middle of
steel container wall
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in the thermal tempering process lead to steeper temperature gra-
dients, leading to higher residual stresses in tempered glass plates.
The tensile residual stresses at the center might lead to cracks and
safety problems.

Residual stress in the glass is also affected by the shrinkage of
the stainless steel cylinder wall around it. Preheating the steel cyl-
inder causes it to expand prior to filling with the liquid glass.
Later, contraction of cooling steel causes pressure against the
glass because the thermal expansion coefficient of the steel is
larger than that of the glass.

As illustrated in Fig. 12, at the end of cooling stage, the radial
pressure of 7.12 MPa is created at the interface of steel and glass.
Using an analytical solution for a thin-wall cylinder subjected to
an internal pressure, the interface pressure of 7.12 MPa, acts as an
internal pressure, so the hoop and axial stresses in the steel can be
calculated as

rhh ¼
pr

t
¼ 7:128� 210

5
¼ 299:4MPa

rzz ¼
pr

2t
¼ 7:128� 210

2� 5
¼ 149:7MPa

Comparing between these values, measured residual hoop, and
axial stresses in the container, Fig. 5, it appears that the main con-
tribution to the residual stresses generated in the container are due
to the internal pressure exerted by the solidified glass. In the axial
direction, there is a similar interaction. The stainless steel
contracts against the solidified glass and pushes it in the axial
direction resulting in axial tensile stress in the wall container and
compression axial stress in the glass interface. Therefore, the com-
ponent of stress from pressure to the top and bottom of the glass
will be added to stress component resulted from the internal pres-
sure in the axial direction, 149.7 MPa, to generate the measured
axial stress, 280 MPa, shown in Fig. 5.

To investigate the effect of wall pressure on the residual stress,
a second simulation was performed with the same temperature
history, but using an artificial boundary condition to fix the dis-
placement of the stainless steel wall to prevent it from shrinking.
Therefore, stress developed inside the glass without physical inter-
action with the wall of the stainless steel container. The final hoop
stress distribution inside the glass is plotted in Fig. 15 and com-
pared with that of the original model. Without wall pressure, the
internal tension becomes higher in order to have average zero
stress across the section. Figure 15 thus reveals that the pressure
from the wall of the stainless steel pushes the glass, greatly lower-
ing tensile stress at the center of the container and generating
more compressive stress near the surface. Because cracks are

more likely to initiate in the tensile regions, having the wall pres-
sure, probably lowers the chances of crack formation inside the
glass. Finally, experimental confirmation of the final residual
stress state in the glass remains a significant research challenge.

8 Conclusions

Residual stress measurement and transient finite-element mod-
eling were performed to investigate temperature and stress devel-
opment in a preheated stainless steel container that is filled with
molten glass and allowed to cool. Residual stress measurements
reveal the existence of high stresses at the exterior surface of the
stainless steel wall container.

The simulation of a representative thin slice through the glass
and steel with an elastic-viscoplastic constitutive model of the
glass, conducting gap elements, and a generalized plane strain
condition reasonably matches measurements of both temperature
and stress. This simple but efficient model reveals the process of
stress evolution in both the glass and the container. A classic re-
sidual stress state of internal tension and surface compression is
generated in the glass in a similar manner to the tempering of
glass plates. In addition, thermal contraction of the steel container
adds additional compression to the glass, which lowers the inter-
nal tensile stress levels. This is balanced by tensile stress in the
steel wall that causes it to yield.

Acknowledgment

This work would not have been possible without the support
from Nick Gribble at NNL (formerly Nexia and BNFL). We are
grateful for the supply of the waste container and the data and
reports pertaining to this. Dr Nakhodchi would like to acknowl-
edge World Wide University Networks (WUN) at the University
of Bristol for providing financial support for his visit to Metal Pro-
cess Simulation laboratory at the University of Illinois at Urbana-
Champaign.

Nomenclature

[A], [B] ¼ matrices of influence functions for ICHD calculations
aðz; hÞ calibration coefficients in a depth of z for a hole with

total depth of h
B ¼ constant parameter

bðz; hÞ ¼ calibration coefficients in a depth of z for a hole with
total depth of h

cp ¼ specific heat (J=kg K)
D ¼ tensor of elasticity

dgap ¼ surface roughness of steel

Fig. 14 Stress evolution inside the glass at the central axis
and exterior surface (interface with stainless steel)

Fig. 15 Effect of pressure from the container wall on residual
stress in glass
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E ¼ Young’s modulus
H ¼ enthalpy

hair ¼ film coefficient of air
k ¼ thermal conductivity

keff ¼ effective thermal conductivity
kair ¼ thermal conductivity of air

p, q, t ¼ vectors of transformed strains in ICHD
P, Q, T ¼ vectors of transformed stresses in ICHD

q ¼ heat flux
ra ¼ actual incremental center hole drilling gauge radius

Rm ¼ nominal incremental center hole drilling gauge radius
T ¼ temperature

Tg ¼ temperature of steel
Ts ¼ temperature of glass
Ta ¼ temperature of air

u ¼ displacement vector

Greek Letters

a ¼ thermal expansion coefficient
B ¼ orientation of the maximum principle stress in ICHD
_eel ¼ elastic strain rate
_ein ¼ inelastic strain rate

�r(h) ¼ relaxed residual strain at the depth h
_eth ¼ thermal strain rate

_etotal ¼ total strain rate
q ¼ density
g ¼ viscosity
� ¼ Poisson’s ratio
R ¼ stress
_r ¼ stress rate

rmaxðzÞ ¼ maximum principal stresses at the depth z
rminðzÞ ¼ minimum principal stresses at the depth z
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